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Abstract 

This talk describes some applications of two kinds of observation es- 
timate for the wave equation and for the damped wave equation in a 
bounded domain where the geometric control condition of C. Bardos, G. 
Lebeau and J. Rauch may failed. 



1 The wave equation and observation 



We consider the wave equation in the solution u = u[x, t) 

dfu - Au = inOxE, 

u = on dVL x K , (1.1) 
(u,d t u) (-,0) = (u ,ui) 

living in a bounded open set fl in R™, n > 1, either convex or C 2 and connected, 
with boundary dtt. It is well-known that for any initial data (uq, u±) € H 2 (il) n 
Hq (f2) x Hq (Q), the above problem is well-posed and have a unique strong 
solution. 

Linked to exact controllability and strong stabilization for the wave equation 
(see [E])) it appears the observability problem which consists in proving the 
following estimate 

IIK,ui)llffi (n)xL 2 (0) < C { { \d t u(x,t)\ 2 dxdt 

JO J uj 

for some constant C > independent on the initial data. Here, T > and ui is a 
non-empty open subset in Q. Due to finite speed of propagation, the time T have 
to be chosen large enough. Dealing with high frequency waves i.e., waves which 
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propagates according the law of geometrical optics, the choice of lj can not be 
arbitrary. In other words, the existence of trapped rays (e.g, constructed with 
gaussian beams (see [Ha])) implies the requirement of some kind of geometric 
condition on (oj,T) (see |BLRj ) in order that the above observability estimate 
may hold. 

Now, we can ask what kind of estimate we may hope in a geometry with 
trapped rays. Let us introduce the quantity 

ll("0,Wl)|| ff i(fi)xL2(fi) 

which can be seen as a measure of the frequency of the wave. In this paper, we 
present the two following inequalities 

ll(«o.«i)ll^(n)x£»(n) <e CAl/li [ [ \d t u (x , t)\ 2 dxdt (1.2) 

and 

ll("o,wi)||ffi(n)xz,2(n) < c / / \d t u{x,t)\ 2 dxdt (1.3) 

JO J U) 

where (3 £ (0, 1), 7 > 0. We will also give theirs applications to control theory. 

The strategy to get estimate (|1.2I) is now well-known (see |Ro2j . [LR] ) and a 
sketch of the proof will be given in Appendix for completeness. More precisely, 
we have the following result. 

Theorem 1.1.- For any oj non-empty open subset in CI, for any j3 £ 
(0, 1), there exist C > and T > such that for any solution u of II 1.1]) 
with non-identically zero initial data [uq,Ux) £ H 2 {Q) n Hq (f2) x Hq (CI), the 
inequality hl.2\) holds. 

Now, we can ask whether is it possible to get another weight function of A 
than the exponential one, and in particular a polynomial weight function with 
a geometry with trapped rays. Here we present the following result. 

Theorem 1.2.- There exists a geometry (0,w) with trapped rays such 
that for any solution u of with non-identically zero initial data (uq,Ui) £ 

H 2 (Cl)r\H^ (fi) x Hi (Q), the inequality JO)) holds for some C > and 7 > 0. 

The proof of Theorem 1.2 is given in Phi;. With the help of Theorem 2.1 
below, it can also be deduced from |LiR| . [BuHj . 
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2 The damped wave equation and our motiva- 
tion 



We consider the following damped wave equation in the solution w = w(x, t) 

( d 2 w - Aw + l u d t w = infix (0, +oo) , . . 

\ w = on dfl x (0,+oo) , { > 

living in a bounded open set fl in R™, n > 1, either convex or C 2 and connected, 
with boundary dCl. Here w is a non-empty open subset in f2 with trapped rays 
and l w denotes the characteristic function on uj. Further, for any (w, dtw) (-,0) S 
H 2 (fl) n Hq (SI) x Hq (Q), the above problem is well-posed for any t > and 
have a unique strong solution. 

Denote for any g e C ([0, +oo) ; Hi (O)) n C 1 ([0, +oo) ; L 2 (CI)), 

E(g,t) = ^j (| Vg (x, t)\ 2 + \d t g (x, t)\ 2 ) dx . 

Then for any < to < t±, the strong solution w satisfies the following formula 



E(w,ti) -E(w, t ) + ( I \d t w{x,t)\ 2 dxdt = . (2.2) 

J to J UJ 



2.1 The polynomial decay rate 

Our motivation for establishing estimate (|1.3[) comes from the following result. 

Theorem 2.1 .- The following two assertions are equivalent. Let 5 > 0. 

(i) There exists C > such that for any solution w of 112.1)) with the non-null 

initial data (w, d t w) (-,0) = (wq, wi) € H 2 (Q)r\Hl (fi) x Hq 1 (O), we have 

r ( E(a tm ,o) ^ 1 /- s 
2 f C { E(™,o) J /• 2 

ll(wo,wi)|| lf i (n)xL2(! -j ) < C* / / |<9 t w(x,t)| dxcft . 

JO Joj 

(ii) There exists C > suc/i i/iai t/ie solution w of H2.1)) with the initial data 
(w, d t w) (•, 0) = {wo,Wx) e H 2 (Q) n Hi (Q) x Hi (ft) satisfies 

C 

E(w,t)<-g ||K,Wi)|| H =n^(O)xH Hfi) v *>°- 
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which gives 

Let ci = (^ £ ) 1 ^ 5 - 1 > and denoting d(s) = (^-7) ■ We distinguish two 
cases. 

l£ Cl a<c(jfa) ,thcnG(s)< and 

G((l + ci)s) < d(s) . 

If C\s > c ( J , then s + c ( J < (1 + c i) s an d the decreasing of G 
gives G ((1 + Ci) s) < G ( s + c (c^y) ^ and then 



G((l + Cl )s) <y^G( s ) 
Consequently, we have that Vs > 0, Vn e N, n > 1, 
G((l + ci)s) <max[rf(s), T ^d( TI ^ 7T ),---, 



'(l+c) d ((l+ci)") ' (l+c) G ((l+ci)") 

Now, remark that with our choice of c\, we get 



c 



d t r = d (s) Vs > 



l + c V(! + C i) 
Thus, we deduce that Vn > 1 

n+l 



G((l + Cl )s) <maxld( S ),(^) n G ((T+tr) 

< max (d(s), (1+3) J because G < 1 , 



and conclude that Vs > 



£(W,S) ni i( 3 \ f c ( l + c l)\ S 1 



= G(s) < d 



E (w, 0) + E (d t w, 0) w_ \l + ci/ V ci 
This completes the proof. 
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2.2 The approximate controllability 

The goal of this section consists in giving an application of estimate (|1.2j) . 

For any to non-empty open subset in fi, for any (3 S (0, 1), let T > be given in 
Theorem 1.1. 

Let (v , vi, v d, vid) £ (H 2 (fl) n (O) x iJp (f2)) 2 and it be the solution of 
(jl.ip with initial data (u,d t u) (-,0) = (vq,Vi). 

For any integer ./V > 0, let us introduce 

N 

f N (x, t) = -1„ £ [ftw/ 2£+1 > (a;, t) + (x, T-t)] , (2.3) 

£=0 

where w (0) G C ([0, T] ; iJ 2 (ft) n Hq is the solution of the damped wave 
equation (|2.ip with initial data 

(w (0 \d t w^ (-,0) = (v od ,-v ld ) - (u,-d t u) (;T) in n , 

and for j > 0, € C* ([0, T] ; iJ 2 (f2) n (O)) is the solution of the damped 

wave equation (|2.ip with initial data 

(w^ +1 \rW J+1 )) (-,0) = f-fflW.StwM) (.,T) in ft . 

Introduce 



M = sup 



(•,()), <W j) (-,0) 
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H 2 (n)xff,5(n) 



Our main result is as follows. 



Theorem 2.2 .- Suppose that M < +oo. Then there exists C > sitc/i 
£/ia£ /or all N > 0, £fte control function /jy given by (2.3\) , drives the system 

d?v -Av = l wX (o,T)/iV m ft x (0,T) , 
v = on <9ft x (0,T) , 

(w,9t«) (-,0) = («o,ui) in ft , 

to the desired data (uod)Wid) approximately at time T i.e., 

C 

\\v(;T)-v od ,d t v(;T)-v ld \\ HmxL2m < —————M , 
and satisfies 

ll/iv|li«.(o,r ; iJ(n)) ^ C '( 7V + !) 11(^0,^1, wod,-fid)||( ff i (n)xL2(n) ^ . 



Remark .- 



For any e > 0, we can choose N such that 



C /yell'; 1 /? 

M ~ e 2 and (2AT + 1) ~ eV^J 



[ln(l + 2iV)] 2/3 



in order that 

\\v(-,T)-v d,d t v(;T)- v ld \\ H i (n)xL 2 m < e , 



and 



L~(0,T;L 2 (Q)) - e 



J ||(«o,«i,t-od^id)|| (Hol(0)xi2(0))2 



In |Zuj , a method was proposed to construct an approximate control. It consists 
of minimizing a functional depending on the parameter e. However there, no 
estimate of the cost is given. On the other hand, estimate of the form (|1.2p was 
originally established by |Ro2j to give the cost (see also |Le] ) . Here, we present 
a new way to construct an approximate control by superposing different waves. 
Given a cost to not overcome, we construct a solution which will be closed in 
the above sense to the desired state. It takes ideas from [Ruj and [BFj like an 
iterative time reversal construction (see also [PPVj and |ZL| ). 



2.2.1 Proof 



Consider the solution 

N 
1=0 

We deduce that for t € (0, T) 

!N 
d?v(;t)-Av(;t) = -i LJ j: [a tW ^+ 1 )(-,i) + a tW ^)(-,r-t)] , 
1=0 
V = onffix (0,T) , 
(V,d t V)(;0) = inQ. 

Now, from the definition of w^°\ the property of (w^ +1 ' , dtW^ +1 n (•, 0) and a 
change of variable, we obtain that 

(V,d t V)(-,T) = (w(°\-d t wW)(- 1 0) + (w( 2N + 1 \dM 2N+ V)(- 1 T) 

= (vod, v ld ) - (u, 8 t u) (., T) + (w^ N +^ , cW 2Ar+1) ) (•, T) . 

Finally, the solution v = V + u satisfies 

8 2 t v -Av= l wx(0 , T )/jv in n x (0,T) , 
v = on dn x (0, T) , 
(v,d t v) (-,0) = (v ,Vi) in ft , 

(v,d t v)(;T) = (v od ,v ld )+(w( 2N + 1 \dM 2N + 1 ))(;T) in O . 
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Clearly, 

||v 0,T) - v M ,8 t v 0,T) - v id f H i {n)xLHn) = 2E {w^ 2N+1 \T) 
It remains to estimate E {w^ 2N+1 \ T). We claim that 

3O0 \/N>\ e(w {2N+1 \t)< 5flM . 

V ' [ln(l + 2A0] 



Indeed, from Theorem 1.1, we can easily see by a classical decomposition 
method that there exist C > and T > such that for any j > 0, 

||«tf+l) ( . |0 ) (-,0)||^ (o)xL2(n) 

< Od / / c ll- 0+1) (-^^ (J+1) (-^L 2(i , xgl( n ) V //3 



Since 



,0j=E (w^ , t) Vj > 



we deduce from (12. 2\i that for any j > 



JS^'+^.O) <Cexp(C 



1/(2/3) 



V lh w+1) (->o).^«+ i H-,o)[i; a(n)XL2( 

[^(^'),r)-s( w (j +1 ),T)] . 



Let 

dj =E[v}V +1 \T 



By using the decreasing property of the sequence dj, that is dj < dj_i, we 
obtain that for any integer < j < 2N 

( r m \ 1/<2,9) 
dj < Ce\ d ™) [dj-i-dj] . 

By summing over [0, 2N], we deduce that 

( r M V /(2/3) 

(27V+l)d 2Ar < Ce^*™) [d- 1 -d 2N ] . 
Finally, using the fact that d-\ < M, it follows that 

C 

d2N < ~isM . 

[ln(l + 27V)] 2/3 

This completes the proof of our claim. 



On the other hand, the computation of the bound of /at is immediate. There- 
fore, we check that for some C > and T > 0, 



for any G (0,1) and any integer N > 0. This completes the proof of our 
Theorem. 

2.2.2 Numerical experiments 

Here, we perform numerical experiments to investigate the practical applicabil- 
ity of the approach proposed to construct an approximate control. For simplic- 
ity, we consider a square domain fl = (0, 1) x (0, 1), u = (0, 1/5) x (0, 1). The 
time of controllability is given by T = 4. 

For convenience we recall some well-known formulas. Denote by {&j} ■ >1 the 
Hilbert basis in L 2 (Q) formed by the eigenfunctions of the operator —A with 
eigenvalues {^j}j >1 , such that ||ej|| i2 (™ = 1 and < Ai < A 2 < A 3 < • • • , i.e., 





The solution of 



dfv -Av = f 
v = 

(v,d t v) (-,0) = (vo,vi) 



infix (0, T) , 
on dCl x (0,T) 
in fl , 



where / is in the form 




is given by the formula 

G ( 

v(x\,X2,t)= lim V<a°cos 




+ 



where 



vo{xi,x 2 )= lim a °i e j (xi,x 2 ) , \ a °i\ < +oo , 

G^+oo 3 = 1 J > 1 



< 



v 1 (x 1 ,x 2 ) = lim a ) e j ( x i,x 2 ) , \aj\ < +oo , 




Rj (t) = - lim £ (J w e l e j dx 1 dx 2 ) fi (t) . 
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Here, G will be the number of Galerkin mode. The numerical results are shown 
below. The approximate solution of the damped wave equation is established 
via a system of ODE solved by MATLAB. 



Example 1 : low frequency. The initial condition and desired target are 
specifically as follows. {v 0l vi) = (0,0) and {vod,vid) = (ei + e 2 ,ei). We take 
the number of Galerkin mode G = 100 and the number of iterations in the time 
reversal construction N = 30. 

Below, we plot the graph of the desired initial data vod and the controlled 
solution v (■,* = T = 4). 



6 V : 6. 




Below, we plot the graph of the energy of the controlled solution and the 
cost of the control function. 




Example 2 : high frequency. The initial condition and desired target are 
specifically as follows, (vod, vid) — (0, 0) and with (k ) = (200,1/2,10000), 
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for (x u x 2 ) € (0,1) x (0,1) 

G 



v {xi,x 2 ) = (lo Jo 9o {xi,x 2 )ej (xi,x 2 ) dxidx 2 ) ej (xi,x 2 ) 
Vi(xi,x 2 ) = J2 [Jo Jo 9i (xi,x 2 ) ej (xi,x 2 ) dxidx 2 ) e 3 - (xi,x 2 ) 

3 = 1 V ' 



90 (xi,x 2 ) 

91 {xi,x 2 ) 



= e — V-^-^oi) e — VH* 2 -so2) cos (k (x 2 — x o2 ) /2) 

k a i \1 k b / \2 

_ e aA XI— Xo1 ) e %"^( a; 2-2;o2) 

[fc 6 (x 2 - x o2 ) cos (k (x 2 - x o2 ) /2) 
+ (fc /2 + a G ) sin {k (x 2 - x o2 ) /2) 
-fc a^ (xi - x i) 2 sin (k a (x 2 - a; o2 ) /2) 



Notice that we have chosen as initial data the G-first projections on the basis 
i e j}j>i °f a g auss i an beam g (xi,x 2 ,t) such that g (•,£ = 0) = .go, <9t9 (->t = 0) = 
gi and which propagates on the direction (0, 1). 

We take the number of Galerkin mode G = 1000 and the number of iterations 
in the time reversal construction N = 100. 

Below, we plot the graph of the energy of the controlled solution and the 
cost of the control function. 



G=1000. N=100 



G=1000. N=100 



1.5 2 2.5 3 3.5 




3 Conclusion 



In this talk, we have considered the wave equation in a bounded domain (even- 
tually convex). Two kinds of inequality are described when occurs trapped rays. 
Applications to control theory are given. First, we link such kind of estimate 
with the damped wave equation and its decay rate. Next, we describe the design 
of an approximate control function by an iterative time reversal method. We 
also provide a numerical simulation in a square domain. I'm grateful to Prof. 



11 



Jean-Pierre Puel, the "French- Chinese Summer Institute on Applied Mathe- 
matics" and Fudan University for the kind invitation and the support of my 
visit. 



4 Appendix 

In this appendix, we recall most of the material from the works of I. Kukavica 
|Ku2| and L. Escauriaza [E] for the elliptic equation and from the works of G. 
Lebeau and L. Robbiano |LR] for the wave equation. 

In the original paper dealing with doubling property and frequency function, N. 
Garofalo and F.H. Lin [GaL study the monotonicity property of the following 
quantity 

r $B , r l Vv (y)\ 2d y 
JdB , r \ v (y)\ 2 dv{y) 

However, it seems more natural in our context to consider the monotonicity 
properties of the frequency function (see [Ze]) defined by 

I Bo jVv{y)\ 2 {r*-\y\ 2 )dy 

f Bo>r \ v (y)\ 2d v 

4.1 Monotonicity formula 



Following the ideas of I. Kukavica (lKu2|, [Kuj . |KN| . see also [E], |AEj ). one 
obtains the following three lemmas. Detailed proofs are given in |Ph3j . 

Lemma A .- Let D C N > 1, be a connected bounded open set 

such that By ot R o C D with y a G D and R > 0. If v = v (y) G H 2 (D) is a 
solution of A y v = in D, then 

f B \Vv(y)\ 2 (r 2 -\y~y \ 2 )dy 
$ (r) = ^ 3 '- 

lB vo , r \ v (y)\ d v 

is non- decreasing on < r < R , and 

|-ln / \v(y)\ 2 dy^-(N + l + ^(r)) . 
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Lemma B .- Let D C R N+1 , N > 1, be a connected bounded open set 
such that By ot R o C D with y € D and R a > 0. Let r\, r 2 , r 3 be three real 
numbers such that < r\ < r 2 < r 3 < R a . Lf v = v (y) e H 2 (D) is a solution 
of A y v = in D, then 



I \v(y)\ 2 dy<([ \v(y)\ 2 dy\ (f \v (y)\ 2 dy 

J B„„ r „ \J By ,ri I \ " B„„ r „ t 



1-a 



where a = ^ ( ^ + ) € (0, 1). 



The above two results are still available when we are closed to a part T of the 
boundary dtt under the homogeneous Dirichlct boundary condition on T, as 
follows. 

Lemma C .- Let D C M Ar+1 , N > 1, be a connected bounded open set 
with boundary dD. Let T be a non-empty Lipschitz open subset of dD. Let 
To, T\ 7 r 2; r 3 , R be five real numbers such that < r\ < r Q < r 2 < r 3 < R a . 
Suppose that y Q e D satisfies the following three conditions: 

i) . By o r n D is star-shaped with respect to y a Vr e (0, R Q ) , 

ii) . B y ' otr CD Vr e (0,r o ) , 

in). B Vot r n dD C T Vr e [r ot R a ) . 
If v = v (y) e H 2 (D) is a solution of A y v = in D and v = on T, then 



Ib, 



1-a 



,nD 



\v(y)\ 2 dy<[ \v(y)\ 2 dy) / \v (y)\ 2 dy 



where a = ^ ( ^ + ^ ) € (0, 1). 



4.1.1 Proof of Lemma B 

Let 



H{r)=f \v(y)\ 



2 



dy 



By applying Lemma A, we know that 

-f-lnff(r) = -(N + l + &(r)) . 
dr r 

Next, from the monotonicity property of one deduces the following two in- 
equalities 
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< (iV+l + $(r 2 ))ln^ , 

In ( E1ZA\ - f 3 E+l+±lllr1 r 
ln {H(r 2 )J - Jr 2 r aT 

> (iV+l + $(r 2 ))lna . 

Consequently, 

{Hiri)J <(N + l) + ^(r 2 )< {Hir2)J 



and therefore the desired estimate holds 

H (r 2 ) < (H (n)) a (H (r 3 )) 1_a , 
-l 

where a = ^ f ^ + ^ 

ri \ ri 1-2 



4.1.2 Proof of Lemma A 

We introduce the following two functions H and D for < r < R a : 

H{r)= J Byor \v(y)\ 2 dy, 

D(r)= j Byo jVv(y)\ 2 ^-\y-y \ 2 )dy. 

First, the derivative of H (r) = j SN \v (ps + y )\ 2 p N dpda (s) is given by 
H' ( r ) = IdB \ v (y)| 2 d* 7 (y)- Next, recall the Green formula 

■taw l^l 2 9 " GdCT ( y ) ~ /aB»„, r 5 " (l w ! 2 ) GdCT (f ) 
= S Bvo , r \v\ 2 AGdy-f By °' r A(\v\ 2 )Gdy. 

We apply it with G (y) = r 2 - \y - y Q \ 2 where G\ dBy r = 0, d v G\ dBy r = -2r, 
and AG = -2(JV+1). It gives 

= ^±itf (r) + i dtv (t,V«) (r 2 - |y - y | 2 ) 

= »±1H (r) + I / B " p (|V«| 2 + «A W ) (r 2 - \y - Vo \ 2 ) dy . 

Consequently, when A y v = 0, 

H' (r) = ^±±H (r) + -D (r) , (A.l) 
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that is = + \ Ti(r) ^ e secon d equality in Lemma A. 



Now, we compute the derivative of D (r). 



D' M = * £ J SN (Vv) 



S N 



(Vv) 



\rs+y a 



\ps+Vo 
2 



p dpda (s) 



da (s) 



(A.2) 



= ^fJ SN {Vv\ ps+yo p N dpda(s) 
= 2r f Byo , r \Vv\ 2 dy. 
On the other hand, we have by integrations by parts that 
2rJ Byo r \Vv\ 2 dy = (r) + 4 \(y - Vo ) ■ Vv\ 2 dy 

~r lB Vo , r Vw ' (V ~ Vo) Av ( r2 -\y~ 2/o| 2 ) dy 



(A.3) 



Therefore, 



(N + l)J Byo r \ Vv f(r 2 -\y-y \ 2 )dy 
= 2r 2 J B \Vv\ 2 dy~4 J B _\(y - Vo ) ■ Wv\ 2 dy 



+2j Byo r {y ~ Vo) ■ VvAv [r 2 -\y-y \ ) dy , 
and this is the desired estimate (|A.3|) . 

Consequently, from (|A.2|) and (|A.3|) . we obtain, when A y v = 0, the following 
formula 

D > ( r ) = E±± D (r) + - f \(y- Vo ) ■ Vv\ 2 dy . (A.4) 



The computation of the derivative of $ (r) = gives 
(r) = ' 



H 2 (r) 

which implies using (|A~Tj) and (fA~4)l that 



\{y-Vo) ■ Vu| . 

_ £W 

[£>' (r) H{r)-D (r) ff' (r)] 



# 2 (r) $' (r) = 1 ( 4 / 



|(y-y )-V<d2/if(r)-.D 2 (r) >0 , 



indeed, thanks to an integration by parts and using Cauchy-Schwarz inequality, 
we have 

I \ 2 
D 2 (r) =4n Byo vVv(y-y )dy) 

< 4 lf Byo , r \(v ~ Vo) ■ V« I 2 dy) (j^ M 2 dy) 

<4(/„ \{y-y )-Vv\ 2 dy)H{r) . 



Therefore, we have proved the desired monotonicity for $ and this completes 
the proof of Lemma A. 



15 



4.1.3 Proof of Lemma C 



Under the assumption B Vo>r n dD C T for any r <E [r a , R ), we extend v by zero 
in B Vo ^ Ro \D and denote by v its extension. Since v — on T, we have 

w = w1_d in B VotRo , 
U = on B yoiRo n <9D , 

Vu = Vulr> in B yo ^ o . 



Now, we denote Q r = B Voyr n -D, when < r < In particular, f2 r = B Vo>r , 
when < r < r D . We introduce the following three functions: 

H{r)= J Qr \v(y)\ 2 dy, 

D{r)= J nr \Wv(y)\ 2 (r 2 -\y-y \ 2 )dy, 

and 

Our goal is to show that $ is a non-decreasing function. Indeed, we will prove 
that the following equality holds 

4-\nH (r) = (N + 1) -f-lnr + (r) . (C.l) 

ar czr r 

Therefore, from the monotonicity of $, we will deduce (in a similar way than in 
the proof of Lemma A) that 

{Hiri)J <(N+l) + ^(r 2 )< 



ln l2 - v / v - m ia 

n r 2 



and this will imply the desired estimate 



/ \v(y)\ 2 dy<([ 



\v(y)\ Z dy I I / |w(y)| 2 dy 



where a = ^ ( ^ + j4 



First, we compute the derivative of H (r) = J s |w (y)\ dy. 

H'(r) = J SN \v(rs + y )\ 2 r N da( S ) 

= 7 is" |w(rs + y )| 2 rs-sr Ar dcr(s) 

= rf Byo , r div (V(y)l 2 rfy (c.2) 

= 7 !b v p (V + 1) l^)| 2 + V|U (y)| 2 • (y - y )) 
= (r) + 2 J Qr v (y) \7v (y) ■ (y y Q ) dy . 



1G 



Next, when A y v = in D and uir = 0, we remark that 



D (r) = 2 / w (y) Vw (y) • (y - y Q ) dy , 



(C.3) 



indeed, 



fn T \Vv\ 2 (r*-\y-y \ 2 )dy 
= J Qr div vVv (r 2 - \y - y \ 2 ^j dy-f^vdiv Vv (r 2 - \y - y \ 2 ^j dy 

= ~ In,, vAv ( r2 ~ \y ~ y°\ 2 ) d v ~ In r vVv • v y ~ \y ~ y°\ 2 ) d v 

because on dB yori r — \y — y Q \ and t>| r = 
= 2 J n v\7v ■ (y — y Q ) dy because A y v = in D . 



Consequently, from (|C.2[) and (|C.3[) . we obtain 



H'(r) = ^±lH(r) + -D(r) , 
r r 



and this is IjC.ip . 



(C.4) 



On another hand, the derivative of D (r) is 



D'(r) =2rm sN \(Vv) lps+yo \ p N ' dpdo (a) 
= 2rL \Vv(y)\ 2 dy. 



Here, when A y v = in D and v\-p — 0, we will remark that 



(C.5) 



2r f nr |V« (y)| 2 dy = (r) + $ J \(y - y„) ■ Vv (y)| 2 dy 

+ 7 IrnB \ d " v \ 2 ( r2 ~\y~ Vol 2 ) (V - Vo) ■ vdo (y) 

(C.6) 



indeed, 



(N+l)f nr \Vv\ 2 (r 2 -\y-y \ 2 )dy 

/n r div (l Vw l 2 ( r2 -\y- yo\ 2 ) (y - yo)j d y 
- In r v (l Vv l 2 ( r2 -\y- yo\ 2 )) ■ (y - y ) dy 
SmB VotT \ Vv \ 2 ( r2 ~\y~ y°\ 2 ) (y ~ v°) ■ vda (y) 
- L r % (l Vv l 2 ( r2 -\y- y°\ 2 )) (w - y°i) d y 
irnB„ r \ Wv \ 2 v 2 - \y - y°\ 2 ) (y ~ vo) ■ vd(j (y) 

~ fn r 2Vw% Vw [r 2 - \y - y \ 2 J (y t - y oi ) dy 
+2j n \Vv\ 2 \y~y \ 2 dy , 
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and - f Qr dyjvd^.y.v (r 2 - \y - y a \ 2 ^ (y l - y oi ) dy 

= - In r d Vj (iVi ~ Voi) dy 3 vdy t v [r 2 - \y - y D | 2 )) dy 
+ fa r d Vj iVi ~ Voi) d Vj vdy z v (r 2 ~ \y ~ y \ 2 ^ dy 

+ Iu r - y™) d y 3 vd y* v ( r2 -\v- y°\ 2 ) d v 

+ In r (Vi ~ Voi) d v ri) ; vd y { r2 - \V - Vol 2 ) dy 
= _ /rns Ho , r v i (fa ~ yoi)d yj vd yi v (r 2 - |y-y D | 2 )) da (y) 
+ f nr \Vv\ 2 (r 2 -\y-y \ 2 )dy 
+0 because A y v = in D 
-J u J\(y-y )-Vv\ 2 dy. 

Therefore, when A y v = in D, we have 

(N + l)f nr \X7v\ 2 (r 2 -\y-y \ 2 )dy 

= JrnB vo , r l Vw l 2 ( ? ' 2 - \y- y°f) (y - y°) ■ vda (y) 

~ 2 IrnB yo . r d Vo vv , {{Vi ~ Voi) 9 Vi v) (r 2 - \y - y D | 2 ) da (y) 
+2r 2 / 0r |Vu| a dy -4j Qr \(y- y ) ■ V«| 2 dy . 

By using the fact that vw = 0, we get Vw = (Vw • v) v on T and we deduce that 
(N + l)f nr \X7v\ 2 (r 2 ~\y-y \ 2 )dy 

= - fmB vo . r \ d » v \ 2 ( r2 ~\y~ y°f) (y ~ y°) ■ vda (y) 

+2r 2 J n jVv\ 2 dy -4f nr \(y- Vo ) ■ Vv\ 2 dy , 
and this is (|C.6[) . 

Consequently, from (|C.5[) and (|C.6[) . when A y v — in D and v\r = 0, we have 

D'(r) =imD(r) + ±f nr \(y-y )-Vv(y)\ 2 dy 

+ Lj TnByoT \dM 2 (r 2 -\y-y \ 2 ){y-y )- V da{y). ' ^ 

The computation of the derivative of $ (r) = -^Jy gives 

$ ' (r) = WV) [D ' (r) H {r) D {r) H ' {r)] ' 

which implies from \GA\ and (|C.7[) . that 

H 2 (r) (r) = i (4 J Qr I - y ) • Wv (y)\ 2 dy H (r) - D 2 (r)) 

+ /rnB Vo>r l 5 ^! 2 ( r2 _ 12/ _ Vol*) (V ~ Vo) ■ "da (y) 
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Thanks to (|C.3[) and Cauchy-Schwarz inequality, we obtain that 
0<4 f \{y-y )-Vv{y)\ 2 dy H (r) - D 2 (r) . 

The inequality < (y — y a ) ■ v on T holds when B Vo r n D is star-shaped with 
respect to y D for any r € (0,R o ). Therefore, we get the desired monotonicity 
for $ which completes the proof of Lemma C. 



4.2 Quantitative unique continuation property for the Lapla- 
cian 

Let D C M Ar+1 , N > 1, be a connected bounded open set with boundary dD. 
Let r be a non-empty Lipschitz open part of dD. We consider the Laplacian in 
D, with a homogeneous Dirichlet boundary condition on T C dfl: 

A y v = in D , 

v = onT, (D.l) 
v = V (y) G H 2 (D) . 

The goal of this section is to describe interpolation inequalities associated to 
solutions v of (|D.1[) . 

Theorem D .- Let lu be a non-empty open subset of D. Then, for any 
Did D such that dD 1 n dD <e T and Th\(T n dDi) C D, there exist C > 
and € (0, 1) such that for any v solution of (jD.lj) . we have 

J d \v(y)\ 2 dy<c(Jjv(y)\ 2 d y y (J D \v(y)\ 2 d y y " . 



Or in a equivalent way by a minimization technique, 

Theorem D' .- Let uj be a non-empty open subset of D. Then, for any 
£>i C D such that dD 1 n 91? € L and SI\(r n 9-Di) C £>, ttere esisf C > 
and € (0, 1) such that for any v solution of (jD.ip , we ftave 

J d \v(y)\ 2 dy<c(^j " Jjv (y)\ 2 dy + e Jjv (y)\ 2 dy Ve > . 



Proof of Theorem D .- We divide the proof into two steps. 

Step 1 .- We apply Lemma B, and use a standard argument (see e.g., |Roj ) 
which consists to construct a sequence of balls chained along a curve. More 
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precisely, we claim that for any non-empty compact sets in D, K\ and K 2 , such 
that meas(JCi) > 0, there exists /i € (0, 1) such that for any v = v (y) € H 2 (D), 
solution of A y v = in D, we have 

j K \v(y)\ 2 dy<(J K \v(y)\ 2 dyj (J^v (y)\ 2 dy^ " . (D.2) 

Step 2 .- We apply Lemma C, and choose y in a neighborhood of the part 
r such that the conditions i, ii, Hi, hold. Next, by an adequate partition of 
D, we deduce from (|D.2|) that for any D x C D such that dD x n 3D € T 
and Di\(rn9fli) C -D, there exist C > and p £ (0,1) such that for any 
v = v (y) £ H 2 (D) such that A y v = on D and v = on T, we have 

^ b(y)| 2 rf2/<C^| W (2;)| 2 dyy (J^v (y)\ 2 dyj " . 
This completes the proof. 



4.3 Quantitative unique continuation property for the el- 
liptic operator <9 t 2 + A 

In this section, we present the following result. 

Theorem E .- Let SI be a bounded open set in W 1 , n > 1, either convex 
or C 2 and connected. We choose T 2 > T\ and 8 £ (0, (T 2 — T\) /2). Let 
f £ L 2 (SI x (Ti,T2)). We consider the elliptic operator of second order in 
SI x (Ti,T2) wi/i a homogeneous Dirichlet boundary condition on dSl x (Ti,!^), 

d 2 t w + Aw = f infix (7i, T 2 ) , 

u) = on fflx (T U T 2 ) , (E.l) 

w = u)(x,<)ei7 2 (f7x (Ti,T 2 )) . 

Then, for any tp € Cg° (SI x (Ti,T 2 )), <p 7^ 0, i/iere ea;isi C > and /x e (0, 1) 
such that for any w solution of / lE.lj) . we have 

Jt?+8 Jn\ w ( x > t )\ 2dxdt 
<C(J£ J n \w(x,t)\ 2 dxdty^ 

(fn In ( x > ^l 2 dxdt + St' In 1/ Ol 2 • 

Proof .- First, by a difference quotient technique and a standard extension at 
SI x {Ti, T 2 }, we check the existence of a solution u £ H 2 (SI x (Ti, T 2 )) solving 

f d 2 u + Au = f in Six (T U T 2 ) , 

\ u = on 90 x (r x ,T 2 )uOx {Ti,T 2 } , 
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such that 

ll n llff 2 (nx(Ti,T 2 )) - C II/IIl 2 (Ox(Ti,T 2 )) ' 

for some c > only depending on (f2,Ti,T2). Next, we apply Theorem D with 
D = Q x (T 1; r 2 ), fi x (Ti + <5,T 2 - <5) c £>i, y = (z,t), A„ = 9 t 2 + A, and 



4.4 Application to the wave equation 

From the idea of L. Robbiano |Ro2| which consists to use an interpolation in- 
equality of Holder type for the elliptic operator d 2 + A and the Fourier-Bros- 
Iagolnitzer transform introduced by G. Lebeau and L. Robbiano [LR , we obtain 
the following estimate of logarithmic type. 

Theorem F .- Let be a bounded open set in M. n , n > 1, either convex 
or C 2 and connected. Let lo be a non-empty open subset in fi. Then, for any 
ft £ (0, 1) and ieN*, there exist C > and T > such that for any solution 
u of 

d}u - Au = in ft x (0,T) , 
u = on dft x (0, T) , 
(u,d t u) (-,0) = (u ,ui) 

with non-identically zero initial data {uq,U\) £ D (^4 fe_1 ), we have 



ll("0'"l)ll n( Ak-1 



, l/(/3fc) 

D(A fc -l) 



IKuo.uOH^-!) < Ce\ ~ ,ll ^»<-^>/ \\u\\ LHux{0tT)) 
(Here, L> (A ) = H% (fi) x L 2 (ft)). 

Proof .- First, recall that with a standard energy method, we have that 
Vt£R ||K«i)||^(n)x^(a)= / (\d t u(x,t)\ 2 + \Vu{x,t)\ 2 )dx , (F.l) 
and there exists a constant c > such that for all T > 1, 

T\\{uo,Ui)f L 2, a)xH -i, a) <c \u(x,t)\ 2 dx. (F.2) 

Jo Jn 

Next, let /3 € (0, 1), k £ N* , and choose N £ N* such that < ft + J_ < i 
and 27V > A;. Put 7 = 1 — ^4r. For any A > 1, the function F\(z) — 

/R eZZTe_ ^ T ^ S holomorphic in C, and there exists four positive con- 

stants C , Co, ci and C2 (independent on A) such that 



VzeC I-FaOOI < C , A^e CoA l Imz l 1/T 



|Imz| < c 2 |Rez| =► \F x {z)\ < C \~*e~ c ^ Roz \ /T , 



1/7 (F.3) 
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(see [LR] ). 



Now, let s, l € IR, we introduce the following Fourier-Bros-Iagolnitzer transfor- 
mation in [LR] : 

W io ,x(x,s) = J F x (t + is-i)$(£)u{x,t)dt , (FA) 

where $ G C^°(R). As u is solution of the wave equation, Wi ot \ satisfies: 

d 2 s Wi oA (x,s) + AWe o . x (x,s) 

= J R -F x {lo + is-l) [&'(Jg)u(x, i) + 2&(£)d t u(x, £)} d£ , 
Wi otX {x, s) = iorxedn, 
W io ,x(x,0) = (F A * §u(x, •)) (4) fo"£!J. 

In another hand, we also have for any T > 0, 

+ ||F A *$ W (x,-)|| i 2((T_ 1 T +l):) 

< ||$«(a:,-)-JA**«(aJ,-)ll£"OB 



(F.5) 



(F.6) 



+ (f te{i - 1 T +l) \W t ,x(x,0W 



dt 



1/2 



Denoting !F (/) the Fourier transform of /, by using Parseval equality and 

( T \ 2N 

J 7 (F x ) (t) = e^y^l , one obtain 



\\$u(x,-)-Fx*$u(x,-)\\ L2{m 
j=\\F($u(x,-)-Fx*$u(x,-))\\ L2(m 

vfe (/r I (* - e ^ r ) T (*«(*. ')) (r)| 2 dr) 
cf/ R (^)V(<J>u(av))(r) 



1/2 



< 



< c 



dr 



because fc < 27V 



(F.7) 



2 \V2 

r ) | (XT ] because /3 < 7 



<Cjk||# (*«(», .))|| £a(R) 
Therefore, from (|F.6[) and (|F.7[) . one gets 
(x,-)\\ L z^z-xZ +1 )) 



& ||9 t fe (*u(x, -))|L 2(R) + (J te (- I^,a(x, 0)| 2 dt 



1/2 (F.8) 



Now, recall that from the Cauchy's theorem we have: 

Proposition 1 .- Let f be a holomorphic function in a domain D C 
Let a, b > ; z € C. We suppose that 

D Q = {(x,y) el 2 -C\ \x-Rez\ < a, \y-lmz\ < b) C D , 
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then 

f(z) = — - / / f(x + iy) dxdy . 

nab J J|^-Re,|2 + | y -Im, |2^ 1 

Choosing z = t e — 1,^ + 1) cl and x + iy — l Q + is, we deduce that 

^ ^r b l\^t\<al\s\<b\ w ^,x(x,s)\dsde (F 9) 

/ o \ I/ 2 

^ {J\t ~ t \<aJ\s\< b \Wt„Ax,s)\ 2 dsde ) , 

and with a = 26 = 1 , 

f t ^-i,z + i)\WtAx,0)\ 2 dt 

< J te (T_ lif + l) (ij^_ t |<! 4|<l/2 \ W £°A X , S )\ 2 dsdi o) dt 

< J te (T_ li¥+l) / £oe (T_ 2i T +2 ) jj a] < 1/2 |Wi oiA (a:, s)| 2 dsdl dt 

< 2 ^ oG (t_ 2 t +2) jj s| < 1/2 |Ws.,a(x, s)| 2 dsd£ . 

Consequently, from (|F.8[) . (|F.10|) and integrating over ft, we get the existence 
of C > such that 

In /te(f -1,2+1) l*(*)«( a! > *)| 2 ^ 

^CpW/^^la^^Wu^,^))! 2 ^ ^ (f.ii) 

+4/ £oe (T_ 2 t +2 ) (j n i| s |<i/2 |M^ 0:A (a;,s)| 2 dsdx) d£ . 



Now recall the following quantification result for unique continuation of elliptic 
equation with Dirichlet boundary condition (Theorem E applied to T\ = — 1, 
T 2 = l, (5-1/2, <peC'S°(u x (-1,1))): 

Proposition 2 .- Let 51 be a bounded open set in MP, n > 1, either 
convex or C 2 and connected. Let ui be a non-empty open subset in ft. Let 
f = f(x,s) G L 2 (ft x (—1,1)). Then there exists c > such that for all 
w = w (x, s) S H 2 (ft x (—1, 1)) solution of 

f <9 2 w + Aw = / in ft x (-1,1) , 
\ w = on 9ft x (-1,1) , 

/or aZZ e > 0, we have : 

Jm<i/ 2 L Mx,s)| 2 oMs 
^ ce c/£ (jj s| < a |w(x,s)| 2 dxds + / |s| < ;i / n \f (x, s)\ 2 dxds^j 



23 



Applying to Wg 0v \, from (|F.5|) we deduce that for all e > 0, 
I\ s \<i/2ln\ w eoA x ^)\ 2 dxds 

< e " 4CO/£ 4|<l/ol^o,A(x, S )| 2 dxd S 

+ce^ /e f u \W io , x (x, s)\ 2 dxds ( F . 12 ) 

+™ Z/e f\ s \<ifn\L- F ^o+is-e) 



[<f>"(£)u(x, £) + 2®{i)d t u{x, £)} d£\ 2 dxds 



2 



dxds 



Consequently, from (|F.11[) and ()F. 12[) . there exists a constant C > 0, such that 
for all e > 0, 



1 2 dtdx 



(F.13) 



< C J^ In L \ d t ( $ (*) t)))\ z dtdx 

+4e -4 C0 / e J^ e(i _ 2 5+2) / fl iV^z, s )| 2 dxds) d£ c 

+4Ce c / £ /, oe(i _ 2 ^ +2) (f ]sl <J u \W l(uX {x,s)\ 2 dxds) Mo 
+4Ce^ J, oe(¥ _ 2>i+2) (jj,^ ^ |/ R -F A (€ + w - *) 

[$"(£)u(a;, + 2$'(£)a f u(a;, £)] d£\ 2 dxds^j d£ Q . 

Let define $ € Cq°(R) more precisely now: we choose $ <E Cfi°((0,T)), < 
$ < 1, $ = 1 on (f,^). Furthermore, let if = [0, f ] U [^,T] such that 
supp(<i>') = K and supp($") C K. 



Let Kq = [^-,^-]- In particular, dist(K,K ) = ^. Let define T > more 
precisely now: we choose T > 16 max (1, \jc%) in order that (f- — 2,-^ + 2) C 
if and dist(if, K ) > — . 



Now, we will choose 4> € (? — 2, + 2) C K and s S [—1,1]. Consequently, 
for any £ €. K, \£q — £\ > — > — \s\ and it will imply from the second line of 
that 

V£€K \F x (l + is - i)\ < AA 7 e- ClA (*) 1/7 . (F.14) 



Till the end of the proof, C and respectively Ct will denote a generic positive 
constant independent of e and A but dependent on O and respectively (Q, T), 
whose value may change from line to line. 

The first term in the right hand side of (|F.13j) becomes, using (jF.ljl . 
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The second term in the right hand side of (|F.13[) becomes, using the first line 
of El, 



e J £o£ (t_ 2i t +2 



) (i| s |<i In \ w toA x i s )\ 2 dxds ) dl o 



2 



I\ s \<iln lo>MM 



dxds 



< C T \^e^°e-^ \\(u , Ul )\\ 2 H , mxL2(n) 

(F.16) 

The third term in the right hand side of (|F.13|) becomes, using the first line of 



oC/l 



I 1o ^t_ 2 t +2) (jj.i^a L \Wto,x(x, s)\ 2 dxds) d£ 



< 



dxds 



dl 



< C\ 2 ~<e cx e c / £ £ /o \u(x,t)\ 2 dtdx . 

(F.17) 

The fourth term in the right hand side of (|F.13[) becomes, using (|F.14[) and the 
choice of 



a c/e 



^ o6 (T_ 2: T +2) (jj a| < x J n \J R -F x (£ + is-£) 

[&'(£)u(x, I) + 2&(£)d t u{x, £)} d£\ 2 dxds) d£ a 

2 



< C {AXfe-^f 7 ) e ? / £ / n \J K (\u(x,£)\ + \d t u(x,£)\) di\ 
<CA^e- 2c ^(i)^ e c/e|| (uo!Ui) ||^ (n)xi2(n) 



da; 



(F.18) 



(F.19) 



We finally obtain from pU5]) . ETfiJ, (lF~T7j) . (fFTl8|) and (|FT3|) . that 

/n/te(5-i,5+i) l*(*KM)| a dfck 
< C T jmr \\(uo, ui)\\ D ^ A k-i^ 

+C T A^e 2 ^e- 4c o/MIK, U i)|lH ol (n)xL 2 (0) 
+CA 2 Te CA e c / £ / w J T |u(a?, i)| 2 dtdx 

+ c , A27e - 2ci A(f f^ e e/ £ ||(u , Ul )ll^(O)xL 2 (n) ■ 

We begin to choose A = | in order that 

/n/te(5-i,5+i) l*(*M*.*)| a **c 

^e^rlKuo.uOI&^-i) 

+e- 2c o/ E ^C T ||(u ,u 1 )|| 2 ? x (o)xi2(n) 

+e c / £ CfJ^\u(x,t)\ 2 dtdx 

+C^ T cx P ((-2c 1 (|) 1/7 + c) i) ||(«o,«i)|lH a i(n)xi»(n) • 

We finally need to choose T > 16 max (1, 1/C2) large enough such that 2ci (f-) 1 ^ 7 
— 1 that is 8 ("277) — to deduce the existence of C > such that for any 



(F.20) 



c < 
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ee (0,1), 

Jn/t6(£-i,$+i) Hx,t)\ 2 dtdx < / / te (T_ 1 T +1 ) \<$>{t)u{x,t)\ 2 dtdx 

+^ c/e L/o T K^ t )l 2 ^- 

(F.21) 

Now we conclude from (|F.2j) , that there exist a constant c > and a time T > 
large enough such that for all £ > we have 



|| (wo, u i)llz,2(n)xff-i(n) 
< eC/£ L Jo T K*. ^l 2 + s2pk I! («o. 
Finally, we choose 

1/08*) 



(F.22) 



(M ,Ul)|| L 2( n ) xg -i (n) 
||(«Q,«l)|| D(j 4h-i) 



Theorem 1.1 is deduced by applying Theorem F to dtu. 
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